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f(x) = -x2 f(x) = -x3

Polynomial Graphs

1. "Monomial" graphs

In order to understand the shapes of polynomial graphs, we start first by plotting some "monomials":
polynomials with only one term.

f(x) = 1 f(x) = x f(x) = x2 f(x) = x3

Degree 0 Degree 1 Degree 2 Degree 3
You will notice some characteristics of the graphs of these functions:

With the exception of the constant function f(x) = 1, the value of the function always gets really
big (in a positive or negative way) far away from the y axis.
The higher the degree of the monomial, the faster it will grow.
Monomials with odd degree cross the x axis.
Monomials with even degree stay on the same side of the x axis.
Monomials with odd degree have really big negative values for big negative x's, and really big
positive values for positive x's.
Monomials with even degree have a big positive value for x far to either side of 0.

Of course, some of the conclusions that we reached about the sign of the
monomial are dependent on the sign of its leading coefficient. What I
mean to say is, if I were to plot f(x) equal to negative the square of x,
then it would be flipped over the x axis; it would point down instead of
up. Similarly, f(x) = -x³ would point up on the left side and down on the
right side.

So, we will revise our last two rules from above to be more accurate:

The direction a monomial points off in for large positive x (the
right side) is given by the sign of its coefficient. So, both f(x) =
x and f(x) = x4 point up on the right, but f(x) = -x3 points down.
On the left side of the graph (large negative x), a monomial
with even degree will point in the direction given by its
coefficient, but one with odd degree will point in the opposite direction. So, f(x) = x4 and f(x) = -
x3 point up on the left, but f(x) = x points down.



f(x) = x4 - 4x2 - 1 f(x) = x5 - 4x2 - 1

near -3 near -1 near 2

2. Polynomial end behavior

Of course, our real goal is not just to understand monomials, but
polynomials. Fortunately, we will find out that we can easily apply
these rules for monomial behavior to figure out what a polynomial
looks like. The key is to determine what part of the polynomial
dominates its behavior within a given range of x values.
We're going to try to figure out some rules for the "end behavior" of a
polynomial. If I have a polynomial like f(x) = x4 - 4x2 - 1, will it point
up or down? We might think that the bigger coefficient on the
downward x2 term would make it overwhelm the x4 term. But we
would be wrong. No matter how much bigger the coefficient of one of the other terms is, the end behavior
of a polynomial is that of its largest degree term. We say that the end behavior of a function is dominated
by its highest-degree term.

3. Polynomial behavior near zeroes

The graph to the right shows a polynomial that factors as f(x) = (x + 3)2(x +
1)(x - 2)3. The three zeroes are of course at x = -3, -1, and 2. Notice, however,
that the behavior of the graph near each zero is very different. At -3, it just
touches the axis; at -1, it goes straight through it; at 2, it curves down to be flat
along the axis but then crosses the axis anyway. These differences can be
explained in terms of the multiplicity of those zeroes: the number of times that a
factor with that zero appears in the factorization.

Suppose that we look very close to one of the roots of the polynomial
graphed above. What do you notice about how the shape of the graph
right near the root relates to the multiplicity? You should see that the
graph near the root looks like the monomial whose degree is the
multiplicity. This happens because when x is close to that root, the
other factors are changing only slowly; the most dramatic change in
the value of the function comes from the factor that is approaching
zero. We say that each factor dominates near to its root.

If I wanted to sketch out a function that factored in a certain way, I would follow this process:

Find the leading coefficient. Draw the graph heading off in that direction for large x.
Go through all the roots in order from right to left (biggest positive to biggest negative). Draw a
sketch of the appropriate monomial on the axis right near that root. Be careful to have it be on the
correct side of the axis to match what I've already drawn of the graph to the right.

Homework (due 12/10): Sketch the graphs of the following monomials and polynomials. Label all roots.

1) f(x) = x4 5) f(x) = (x + 1)(x - 1) 9) f(x) = -x3(x + 3)

2) f(x) = -x5 6) f(x) = -(x + 1)(x - 2)2 10) f(x) = (2x + 5)2(x - 3)

3) f(x) = -2 7) f(x) = -(x - 3)3(x + 2) 11) f(x) = -x(x - 1)(2x - 1)(2x + 1)

4) f(x) = -x 8) f(x) = (x + 2)2(x - 2)2 12) f(x) = (x + 3)2(x + 1)3(x - 2)(x - 4)2


